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LE'ITER TO THE EDITOR 

A q-deformed oscillator system with quantum group 
SL,(I) symmetry 

Chang-Pu SunYt, Xu-Feng Liut, Jing-Fa Lut and Mo-Lin G e t  
t Theoretical Physics Division, Nankai Institute of Mathematics, Tianjin 300071, People's 
Republic of China (mailing address) 
i. Physics Department, Northeast Normal University, Changchun 130024, People's Republic 
of China 

Keeeived i h i y  i99i 

Abstract. A q-deformed oscillator system with quantum group SLJI) symmetry is construc- 
ted in terms of the q-deformed boson operators, The energy level degeneracy associated 
with the irreducible representation of SLJI) is analysed, especially for the case that q is 
a root of unity. 

The quantum group [ 11 symmetries or hidden quantum group symmetries of physical 
systems have been investigated for many cases, such as the conformal field theories 
[Z, 31, spectra of nuclei [4], the Heisenberg spin model [ 5 ] ,  and so on. This letter 
stresses another important aspect of quantum group symmetry-the relations between 
the degeneracy of energy levels of the physical system and the irreducible representa- 
tions of the symmetry quantum group To this end we first present an /-dimensional 
¶-(deformed) oscillator and then study its energy levels and their degeneracy. The 
discussion shows that the degeneracy is caused by its quantum group (strictly called 
quantum algebra) SL,(/) symmetry. Especially, when q is a root of unity, there appear 
more degeneracies. 

Let us consider a q-oscillator Hamiltonian 
I 

, = I  
A = fiw z: ~ J N , ,  N*, . . . , Nl)afaj 

where 

f,(N,,N, ,..., N l ) = q z ~ - ~ N ~  

f2( N,, N2, . . . , NI) = q-NltTI-lNj 

h( NI 1 N2 1 . . . , N f )  = 4 
-iN,+N2j+ri.,N, 

... 
X(Nl ,  N2,,  , , , NI) = q-z:;INe+~!-k+tNc 

, - I N  
fr(N,, N2,. . . , NI) = q-',-, I .  

The / classes { a ;  = ai, a t ,  N;}(i  = 1,2,. . . , I )  of q-deformed boson operators [6-81 
satisfy the basic relations 

aiaf-q-%a?a. = aGqN. [ N;, 4.1 = 0 
(3) 

J '  

[N,, a:] = [a:, a;] =O. 
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When q + 1, 2 becomes the Hamiltonian of the usual n-dimensional oscillator. 
We need to point out that the I = 2 case of the above q-oscillator has been built by 
Kulish [9] with 

(4) 
-N + A = q N 2 a : a , + q  ' a 2 a 2 .  

On the q-deformed Fock space [ 7 ]  

Fq(f): span[ln,,n,,. . ., n,)=a:"la:"Z ... a:"llO)la~lO)=N~IO)=O 

nk E Z+ = (0, 1,2 ,  . . .}, k = 1 , 2 ,  . . .} 
the Hamiltonian fi is diagonal, i.e. 

Aln,, n 2 . .  . . , n l ) =  E ( n , ,  n 2 , .  . ., n l h ,  n 2 , .  . . , nl) (5) 

( 6 )  

where the energy levels are 

E ( n , ,  n 2 . .  . + n l )  = h w [ n , +  n , + .  . . + n , l .  
These eigenvalues are quite different from that for the non-coupling q-oscillator 

with the Hamiltonian 

and the corresponding eigenvalues 

8 ( n , ,  n 2 , .  . . , n l ) =  hw([nll+[nzl+. . .+[n,l). 
In fact, for the q-oscillator defined by ( 1 )  and (2), as long as n , +  n ,+ .  . .+ nl is fixed, 
the energy levels E ( n , ,  n 2 ,  .. . , n , )  are the same for different ( n , ,  n 2 , .  . . , n,) ,  that is 
to say, the energy levels [ E  (n, , n2 ,  . . . , nl)ln, + n2+ . . . + n, = N }  E Zt (the fixed N 
belongs to Z+) are degenerate. The degree of the degeneracy is 

Since the appearance of degeneracy in the usual quantum mechanics implies the 
existence of a symmetry group, we naturally ask: what is the symmetry 'group' for the 
degeiieizk q--osd::aioi dzfizei! by <:y 

In order to answer this question, we notice that the important equation 

a : a t = [ N , l  i = 1 , 2 , .  . . , I (10)  

A = hw[ N ,  + N 2 + .  . .+ N I ]  ( 1 1 )  

holds on the q-Fock space FJI). Then 

where[f]=(q'-q-')/(q-q-'). From(10) weeasilyobservethat [ N , + N 2 + . .  . + N I ]  
commutes with each of the following operators 

E: = a:a,+, E;=F,=a:+,a ,  HI = Nc - NE+, 

i = 1 , 2 , .  . ., I - 1  
(12)  

on the q-Fock spaces. Fortunately, equations (12)  are just the q-deformed boson 
realization of the quantum group SL,(I) = tJq(Al- , )  first given in [7 ] .  

As we pointed out in [ 7 ] ,  the subspace V'"=span[(n,,n,, ..., nl)ln,+n2+ ... + 
n, = N }  is invariant under the action of SLJI). And it carries an irreducible representa- 
tion of SL,( I )  when q is not a root of unity. This invariant subspace is just the eigenspace 



Letter to the Editor L37 

of eigenvalue E = ho[N]; that is to say, all the vectors in VIN1 are degenerate. 
Therefore, the above discussion shows that the SL,(/) symmetry of the Hamiltonian 
(1) causes the degeneracy of degree D ( n , ,  n 2 , .  . . , n,)  for the I - D q-oscillator, where 
D(n, ,  n 2 , .  . . , nl )  just equals the dimension of irreducible representation of SL,(I). 

Now, we turn to discuss the non-generic case that q(Z1)  is a root of unity, or 
q p = * l ( p = 2 , 3 , 4  ,... ). In thiscase,[kp]=O(keZ+)and 

E ( n ,  + k,p, nz+ k2p, . . . , n + kp)  = E (  n , ,  n 2 , .  . . , n )  

k, E E+ 
(13) 

This fact tells us that more degenerate energy levels exist when q is a root of unity. 
What is the origin of the new degeneracy? 

In fact, when q' = 1,  we can prove from (3) that (a: )kp  (kEZC) commute with all 
the q-boson operators and 

i = l , 2  ...., 1. 

since 

[ aFkP, H] = 0 

[q": HI = O  

The Abelian algebra .d generated by (a:)'" and q*" is the symmetry algebra of 
the q-oscillator system defined by (1). Because .s4 is infinite dimensional, the degree 
of degeneracy caused by .s4 is intiniie. Tnus, when q is a rooi of uniiy, ihe symmeiry 
algebra for the q-oscillator (1) is SL,(I)OsP. 

In the terminology of the representation theory for SL,( I ) ,  when the new degeneracy 
described by (14) appears, the irreducible representation on subspace V'" invariant 
for q p #  1 is no longer irreducible [lo-121. This is because the [kp]=O causes new 
invariant subspaces in V'". Finally, we point out that the extra degeneracy caused 
by qp = I is completely quantum and has no classical correspondence. 

Finally, it should be pointed out that a formalism of the spectrum-generating 
quantum group of oscillators is given by Macfarlane and Majid, hut is not directly 
related to the present letter. In their work, the fermionic group generators for osp( 1,2), 
or their quantum group equivalent, is introduced [ 131. 

The authors that Professor P Kulish for his useful discussions with us. This work was 
supported in part by the National Science Foundation of People's Republic of China. 
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